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Outline of the talk

Introduction to the BFKL framework

The solution of the BFKL equation at Leading
Logarithmic Accuracy:

Analytic (and its intrinsic problems)
Iterative (plus new results)

Formalism at Next to Leading Logarithmic Accuracy
Problems
...and the iterative solution
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BFKL formalism
BFKL (Balitskii, Fadin, Kuraev, Lipatov): resummation
of large logarithms in the perturbation series for
processes with two large (perturbative) and disparate
energy scales (ŝ� |t̂|) (forward scattering, small x DIS. . . )

The cross section for the process A+B → A′ +B′

factorises as

σ(s) =

∫
d2

ka

2πk2
a

∫
d2

kb

2πk2
b

ΦA(ka) f

(
ka,kb,∆ = ln

s

s0

)
ΦB(kb)

ΦA(ka),ΦB(kb) process dependent impact factors
(calculated for many process at LL and for e.g. gg and
γ∗γ∗ scattering at NLL)

f (ka,kb,∆) process independent Gluon Green’s
function
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High Energy Limit

pdf

pdf

σ̂

High energy limit:
ŝ
|t̂| → ∞
|M|2 factorises.

High Energy Limit−→

Diagrams with a t-channel gluon exchange dominate the
cross section.
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Dijet Production

High Energy Limit
−→

ŝ/|t̂| → ∞

BFKL evolution of the t-channel gluon

PTb, 0

PTa,∆y

ŝ ∼ p2
T e

∆y

|t̂| ∼ p2
T

ln
ŝ

|t̂|
∼ ∆y

BFKL resums to all
orders terms in the
perturbative expan-
sion of the form
(
αs ln

ŝ

|t̂|

)n

∼ (αs∆y)
n
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BFKL at LLA

gluon-gluon scattering:

dσ̂gg

d2~pTa
d2~pTb

=

[
CAαs

p2
Ta

]

︸ ︷︷ ︸
QCD IF

f(~qa, ~qb,∆y)︸ ︷︷ ︸
BFKL effects

[
CAαs

p2
Tb

]

︸ ︷︷ ︸
QCD IF

~qa = ~pTa
, ~qb = −~pTb

Resum leading
logarithms contributing to

f (~qa, ~qb,∆y).
Take a good look at f !
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The BFKL Equation

The Gluon Green’s function fulfil (to LLA and NLLA) the
BFKL equation (in dim. regularisation (D = 4 + 2ε)):

ωfω (ka,kb) = δ(2+2ε) (ka − kb) +

∫
d2+2ε

k
′K
(
ka,k

′
)
fω

(
k
′,kb

)

where the BFKL kernel K (ka,k
′) is calculated to LLA or

NLLA respectively. At LL the kernel is conformal invariant
(no running coupling) with eigenfunctions k

2(γ−1). Use
(transverse) Mellin transform!

e(γ) = 〈γ|K(k, k)|γ〉

fω ∼
∑

γ

e(γ)|γ〉
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The BFKL Equation at LLA
Analytic solution for angular averaged gluon Green’s function

f̄ (ka, kb,∆) =
4

kakb

∫
∞

0
dν

(
k2

a

k2
b

)iν

eᾱs∆χ0(ν)

with the LL eigenvalue

χ0(ν) = −2 Re

{
ψ

(
1

2
+ iν

)
− ψ(1)

}
.

Rapidity difference
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b
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Cross section vs. rapidity difference

BFKL rise in cross section!
Integrated over the full k

phase space for gluon emis-
sion and allowing any num-
ber of gluons to radiate!!!

σ̂gg →
πC2

Aα2
s

2P 2
T,min

eλ∆y

√
πB∆y

, B = 14ζ(3)ᾱs, λ =
αsCA

π
4 ln 2 ≈ 0.45
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Effects of E&M Conservation
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The QCD BFKL Equation at NLLA

Both the trajectory ω(−k
2
a) and the real emission kernel

Kr are significantly more complicated than at LL

Takes into account fermions and running coupling
effects

Breaks conformal invariance – Invalidates the Mellin
transform approach. Much recent research from many
groups has concentrated on the treatment of the running
coupling effects in the solution of the NLL BFKL equation.

G. Altarelli, R. D. Ball, S. Forte
M. Ciafaloni, D. Colferai, G. P. Salam, A.M. Stasto

R.S. Thorne
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Iterative Solution at NLLA

We propose an iterative approach to the BFKL equation at
NLLA that solves the equation with no approximations

Directly in the physical rapidity and transverse
momentum space
(avoids the use of the troublesome Mellin transform
completely)

The right language for use of impact factors (physics
predictions!)

Hopeful in extending the approach to final state studies
like at LL

Expresses the solution in terms of effective vertices and
no-emission probabilities (physical insight into the BFKL
solution at NLLA!)
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Iteration at NLL

Start from the BFKL equation

ωfω (ka,kb) = δ(2+2ε) (ka − kb)+

∫
d2+2ε

k
′ K
(
ka,k

′
)
fω

(
k
′,kb

)

K (ka,k) = 2ω(ε)
(
k

2
a

)
δ(2+2ε) (ka − k) + Kr (ka,k)

Need all terms (IR) finite to be able to iterate: split the
kernel Kr into two parts: a ε–dependent, K(ε)

r , and a
ε–independent, K̃r

ωfω (ka,kb) = δ(2+2ε) (ka − kb) +

Z
d2+2ε

k 2ω(ε)
`
k

2
a

´
δ(2+2ε) (ka − k) fω (k,kb)

+

Z
d2+2ε

kK
(ε)
r (ka,ka + k) fω (ka + k,kb) +

Z
d2+2ε

k eKr (ka,ka + k) fω (ka + k,kb) .
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Iteration at NLL, 2

Introduce a slice in the phase space (no approximation)

ωfω (ka,kb) = δ(2+2ε) (ka − kb) +

Z
d2+2ε

k 2ω(ε)
`
k

2
a

´
δ(2+2ε) (ka − k) fω (k,kb)

+

Z
d2+2ε

kK
(ε)
r (ka,ka + k)

`
θ
`
k

2
− λ2

´
+ θ

`
λ2

− k
2
´´
fω (ka + k,kb)

+

Z
d2+2ε

k eKr (ka,ka + k) fω (ka + k,kb)

approximate fω (ka + k,kb) ' fω (ka,kb) for |k| < λ

ωfω (ka,kb) = δ(2+2ε) (ka − kb)

+


2ω(ε)

`
k

2
a

´
+

Z
d2+2ε

kK
(ε)
r (ka,ka + k) θ

`
λ2

− k
2
´ff
fω (ka,kb)

+

Z
d2+2ε

k

n
K

(ε)
r (ka,ka + k) θ

`
k

2
− λ2

´
+ eKr (ka,ka + k)

o
fω (ka + k,kb) .

(λ→ 0 limit can be obtained)
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Iteration at NLL, 3
(
ω − ω0

(
k2
a, λ

2
))

fω (ka,kb) = δ(2) (ka − kb)

+

∫
d2k

(
1

πk2
ξ
(
k2
)
θ
(
k2 − λ2

)
+ K̃r (ka,ka + k)

)
fω (ka + k,kb)

ω0

(
q2, λ2

)
≡ −ξ (|q|λ) ln

q2

λ2
+ η

ξ (X) ≡ ᾱs +
ᾱ2
s

4

[
4

3
− π2

3
+

5

3

β0

Nc
− β0

Nc
ln

X

µ2

]

η ≡ ᾱ2
s

3

2
ζ(3).

K̃r

(
q,q′

)
=

ᾱ2
s

4π
{6 lines of equations. . . } .
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Iteration at NLL, 4
Iterate and take the inverse Mellin transform to find

f(ka,kb,∆) = exp
`
ω0

`
k

2
a, λ

2, µ
´
∆
´
δ(2)(ka − kb)

+
∞X

n=1

nY

i=1

Z
d2ki

"
θ
`
k

2
i − λ2

´

πk2
i

ξ
`
k

2
i , µ
´

+ eKr

 
ka +

i−1X

l=0

kl,ka +
iX

l=1

kl, µ

! #

×

Z yi−1

0
dyi exp

2
4ω0

0
@
 

ka +

i−1X

l=1

kl

!2

, λ2, µ

1
A (yi−1 − yi)

3
5

× exp

2
4ω0

0
@
 

ka +

nX

l=1

kl

!2

, λ2, µ

1
A (yn − 0)

3
5 δ(2)

 
nX

l=1

kl + ka − kb

!

JRA and A. Sabio Vera
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Solution at NLLA

f(ka,kb, ∆) = exp
(
ω0

(
k2
a, λ

2, µ
)
∆
)
δ(2)(ka − kb)

+
∞∑

n=1

n∏

i=1

∫
d2ki

∫ yi−1

0
dyi

[
V

(
ki,ka +

i−1∑

l=0

kl, µ

)]

× exp


ω0



(

ka +
i−1∑

l=1

kl

)2

, λ2, µ


 (yi−1 − yi)




×exp


ω0



(

ka +

n∑

l=1

kl

)2

, λ2, µ


 (yn − 0)




×δ(2)

(
n∑

l=1

kl + ka − kb

)

kb, 0 = y3

k2, y2

k1, y1

ka,∆y = y0

JRA and A. Sabio Vera
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N = 4 SYM

Conformal invariant theory
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Dependence of f on ∆

QCD

∆
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Leading Log tools at NLL

ωNLL(γ) =

Z
dD−2

k K
NLL(ka,k)

„
k

2

k2
a

«γ−1

=
αs(k2

a)N

π

„
χLL(γ) + χNLL(γ)

αs(k2
a)N

π

«

χNLL(γ) = −
1

4

h„11

3
−

2

3

nf

N

«
1

2

“
χLL(γ)−ψ′(γ) + ψ′(1 − γ)

”

− 6ζ(3) +
π2 cos(πγ)

sin2(πγ)(1 − 2γ)

„
3 +

“
1 +

nf

N3

” 2 + 3γ(1 − γ)

(3 − 2γ)(1 + 2γ)

«

−

„
67

9
−
π2

3
−

10

9

nf

N

«
χLL(γ) − ψ′′(γ) − ψ′′(1 − γ) −

π3

sin(πγ)
+ 4φ(γ)

i
,

f̄(ka, kb,∆) =
1

k2
a

Z 1

2
+i∞

1

2
−i∞

dγ

2πi
e∆ωLL(γ)

 
k2

b

k2
a

!γ

New Possibilities in the Study of NLL BFKL – p.19/29



Leading Log tools at NLL
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Comparison with Mellin Analysis
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Comparison with Mellin Analysis
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Conclusions

1. We have solved the BFKL equation at Next–to-leading
logarithmic accuracy (No approximation: keeping all
scale invariant and scale dependent terms, and full
angular information.)

2. . . . in a form that is directly suitable for calculation of
cross sections with already calculated impact factors

3. This method avoid the problems introduced by treating
the running of the coupling as a perturbation that have
to be dealt with in other approaches
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Convergence, 1

f̄ (ka, kb,∆) =

∫ 2π

0
dθ f (ka, kb, θ,∆) ,

ka = 25 GeV, kb = 30 GeV, λ = 1 GeV

iterations
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Convergence, 2

f̄ (ka, kb,∆) =

∫ 2π

0
dθ f (ka, kb, θ,∆) ,

[GeV]λ
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]
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f
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Dependence of f on Momenta
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Dependence of f on Momenta
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Toy Cross Section
S(∆) =

∫

ka>30GeV

d2
ka

k2
a

∫

kb>30GeV

d2
kb

k2
b

f (ka,kb,∆)

∆
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Angular Correlation
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