
The Klein Gordon equation (1926)

Scalar field (J=0) : (x)φ
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Field theory of 
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Classical electrodynamics, motion of charge –e in EM potential
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is obtained by the substitution : p p eAμ μ μ→ +
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• Quantum mechanics : i i eAμ μ μ∂ → ∂ +

The Klein Gordon equation becomes:
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em πα = The smallness of the EM coupling, , means that it is sensible to

Make a “perturbation” expansion of V in powers of emα
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Scalar particle – satisfies KG equation
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Physical interpretation of Quantum Mechanics

Schrödinger equation (S.E.)
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Want to solve :

Solution :

where

2 4( ) ( ' ) ( ' )Fm x x x xμ
μ δ∂ ∂ + Δ − = −

Feynman propagator Dirac Delta function
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Want to solve :

Solution :

where
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Feynman propagator Dirac Delta function

Simplest to solve for propagator in momentum space by taking Fourier transform

2 2
.( ' ) 2 4 .( ' ) 4 41 1

2 2
( ) ( ' ) ( ' ) ( ' ) ( ' )ip x x ip x x

Fe m x x d x x e x x d x xμ
μπ π

δ− − − −∂ ∂ + Δ − − = − −∫ ∫


2
2 2 1

2
( ) ( )Fp m p

π
− + Δ =


2 2 2 4 2 2

.41 1 1 1
(2 ) (2 )

( ) , ( )
ip x

F Fp m i p m i
p x d p e

π ε π ε

−

− + + − −
Δ = Δ = − ∫

2( )m Vμ
μ ψ ψ∂ ∂ + = −

4( ) ( ) ' ( ' ) ( ') ( ')Fx x d x x x V x xψ φ ψ= − Δ −∫

2

1
(2 )π 2

1
(2 )π

2

1
(2 )π

2( ) 0mμ
μ φ∂ ∂ + =

and



4( ) ( ) ' ( ' ) ( ') ( ')Fx x d x x x V x xψ φ ψ= − Δ −∫

The Born series

Since V(x) is small can solve this equation iteratively :

Interpretation :
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Feynman – Stuckelberg interpretation

( 0)Eπ + > ≡ ( 0)Eπ − <

iEte− ( )( )i E te− − −

time

space

Two different time orderings giving same observable event :

1 2t tπ π π+ + +⎯⎯→ ⎯⎯→ 1 2t tπ π π π π+ + − + +⎯⎯→ ⎯⎯→

But energy eigenvalues 2 1/ 2) ?( ??E m= ± +2p

1t

2t



4 2 2

.( ' )41 1
(2 )

( ' )
ip x x

F p m i
x x d p e

π ε

− −

− −
Δ − = − ∫

time

space

1 2t tπ π π+ + +⎯⎯→ ⎯⎯→ 1 2t tπ π π π π+ + − + +⎯⎯→ ⎯⎯→

3

3

' .( ' )

(2 ) 2
p

p

i t t ip x xd pi e ω
π ω

− − − −= − ∫

(p0 integral most conveniently evaluated using contour integration via Cauchy’s theorem )
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Scattering in Quantum Mechanics

• Prepare state at t = −∞ | ( ) |in t iψ = −∞ > = >

• Time evolution (possibly scattering) | ( ) | ( )in int S tψ ψ= +∞ > = = −∞ >

• Observe resulting system in state | ( ) |out t fψ = +∞ > = >

QM : probability amplitude :
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Theory confronts experiment - Cross sections and decay rates



S matrix for Klein Gordon scattering
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Relativistic probability density
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Feynman rules
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